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ALEA, Centro di ricerca sui rischi finanziari è un centro di ricerca indipendente costituito presso il
Dipartimento di informatica e studi aziendali dell'Università di Trento. Il centro si propone di elaborare
conoscenze innovative in materia di risk management, e di favorirne la diffusione mediante pubblicazioni
e programmi di formazione. Il centro è diretto dal prof. Luca Erzegovesi. Nella collana ALEA Tech
Reports sono raccolti lavori di compendio e rassegna della letteratura e della prassi operativa su
tematiche fondamentali di risk management.XQ PRGHOOR SHU O*LQFRUSRUD]LRQH
GHO ULVFKLR VSHFLILFR QHO YDU
0DUFR %HH
,QWHVD%FL
e 5LVN 0DQDJHPHQW  'HYHORSPHQW 	 5HVHDUFK 
ULDVVXQWR
4XHVWR DUWLFROR WUDWWD LO SUREOHPD GL LQFRUSRUDUH LO ULVFKLR VSHFLnFR QHO FDOFROR GHO
9D5￿ ,O SUREOHPD YLHQH DmURQWDWR LSRWL]]DQGR FKH LO SURFHVVR JHQHUDWRUH GHL GDWL VLD XQD
PLVWXUD GL WUH GLVWULEX]LRQL QRUPDOL￿ OD GLVWULEX]LRQH UHODWLYD DL SHULRGL ￿QRUPDOL￿ JHQHUD
OD PDJJLRU SDUWH GHOOH RVVHUYD]LRQL￿ OH DOWUH GXH GLVWULEX]LRQL VRQR FDUDWWHUL]]DWH GD XQD
PHGLD VSRVWDWD ULVSHWWLYDPHQWH YHUVR LO EDVVR H YHUVR O￿DOWR￿ /￿HQWLWt D GL WDOL VDOWL SHUPHWWH
GL LQFRUSRUDUH LO ULVFKLR GL HYHQWR￿ FKH VL ULoHWWH LQ XQD GLVWULEX]LRQH D FRGH SHVDQWL￿
/D PHWRGRORJLD XWLOL]]DWD SHU VWLPDUH L SDUDPHWUL￿ EDVDWD VXOO￿DOJRULWPR (0￿ SHUPHWWH
GL VWLPDUH WXWWL L SDUDPHWUL D SDUWLUH GDL GDWL￿ VHQ]D LQWURGXUUH DOFXQD LSRWHVL D SULRUL￿
*OL HVHPSL SUHVHQWDWL FRQIHUPDQR￿ DQFKH WUDPLWH XQ FRQIURQWR FRQ DOWUH PHWRGRORJLH￿
O￿DSSURSULDWH]]D GHO PRGHOOR SHU OD VWLPD GHO 9D5￿
e ’HVLGHUR ULQJUD]LDUH *LXVHSSH (VSD H ’HPHWULR 0DmHL SHU XWLOL VXJJHULPHQWL H GLVFXVVLRQL￿
/D UHVSRQVDELOLWt D SHU HYHQWXDOL HUURUL t H LQWHUDPHQWH PLD￿
*HQQDLR  SDJ 4L q w u r g x } l r q h
,O 9DORUH D 5LVFKLR 9D5 t H GD DOFXQL DQQL GLYHQXWR LO SULQFLSDOH VWUX
PHQWR XWLOL]]DWR GDL GLSDUWLPHQWL GL 5LVN 0DQDJHPHQW GHOOH JUDQGL EDQFKH
'DWH OD GLmXVLRQH H O
LPSRUWDQ]D GL TXHVWD PLVXUD QHOOD GHWHUPLQD]LRQH GHO
FDSLWDOH DOORFDWR VL t H IDWWR ULFRUVR DG XQD PHWRGRORJLD GL PLVXUD]LRQH VWDQ
GDUGL]]DWD H FRPSXWD]LRQDOPHQWH VWDELOH FKH t H VWDWD FRGLnFDWD GD 5LVN0H
WULFV >5LVN0HWULFV @ HG t H EDVDWD VXOO
LSRWHVL GL QRUPDOLWt DG H LU H Q G L P H Q W L 
/
DWWLYLWt D GL ULFHUFD VXOO
DUJRPHQWR QHJOL XOWLPL DQQL KD G
DOWUR FDQWR
YHULnFDWR FKH OD GLVWULEX]LRQH GHL UHQGLPHQWL VL DOORQWDQD VLJQLnFDWLYDPHQWH
GD TXHVWD LSRWHVL SHU YLD GL XQD FXUWRVL SLt X DOWD GL TXHOOD GHOOD GLVWULEX]LRQH
QRUPDOH OHSWRFXUWRVL &Lt R LPSOLFD FKH OH FRGH GHOOD GLVWULEX]LRQH VRQR SLt X
SHVDQWL GL TXDQWR LSRWL]]DWR GDOOD QRUPDOH H GXQTXH FKH LO 9D5 HVVHQGR XQ
TXDQWLOH GHOOD GLVWULEX]LRQH t H VRWWRVWLPDWR LQ SDUWLFRODUH SHU DOWL OLYHOOL GL
FRQnGHQ]D TXHVWR t H XQR GHL PRWLYL SHU FXL QHOOR VWDQGDUG 5LVN0HWULFV LO
9D5 t H FDOFRODWR DO  7XWWDYLD t HV H P S U HS L t X HYLGHQWH FKH OH LVWLWX]LRQL
nQDQ]LDULH HVVHQGR JHQHUDOPHQWH DWWUH]]DWH D VRVWHQHUH SHUGLWH FKH VL YHUL
nFDQR XQD YROWD RJQL  JLRUQL TXHVWD t H O
LQIRUPD]LRQH IRUQLWD GDO 9D5 DO
 VRQR LQWHUHVVDWH D TXDQWLnFDUH OD SUREDELOLWt DG LS H U G L W HS L t XU D U HP D
SLt X FRQVLVWHQWL H TXLQGL SRWHQ]LDOPHQWH SLt X SHULFRORVH ,Q TXHVWR FDVR LO 9D5
QRUPDOH t H VHQ]D GXEELR LQDGHJXDWR HG t H QHFHVVDULR XWLOL]]DUH WHFQLFKH FKH
SHUPHWWDQR GL VWLPDUH LQ PRGR SLt X SUHFLVR OD FRGD GHOOD GLVWULEX]LRQH
4XDQWR GHWWR nQRUD YDOH SHU LO ULVFKLR GL PHUFDWR RYYHUR SHU LO ULVFKLR
GHULYDQWH GD oXWWXD]LRQL GL SUH]]L H WDVVL DO TXDOH VRQR VRJJHWWH WXWWH OH
DWWLYLWt D nQDQ]LDULH (
 WXWWDYLD HYLGHQWH FKH QHOOD PDJJLRU SDUWH GHL FDVL
YDQQR HVFOXVH VROR OH REEOLJD]LRQL JRYHUQDWLYH GHL 3DHVL FRQ LO UDWLQJ SLt X
DOWR FRPXQHPHQWH FRQVLGHUDWH ULVNIUHH HVLVWH XQ
DOWUD GLPHQVLRQH GL ULVFKLR
OHJDWD DOOD VSHFLnFD DWWLYLWt D nQDQ]LDULD (
 FLt R FKH VL GHnQLVFH FRPXQHPHQWH
ULVFKLR VSHFLnFR R ULVFKLR GL HYHQWR OHJDWR SHU HVHPSLR D QRWL]LH GL GHIDXOW
R SURnWWL LPSUHYLVWL , PRGHOOL FRPXQHPHQWH XVDWL SHU PLVXUDUH LO ULVFKLR
GL PHUFDWR VRQR FHUWDPHQWH LQDGDWWL D FRJOLHUH TXHVWR DVSHWWR GHO ULVFKLR GL
XQ
DWWLYLWt D nQDQ]LDULD HG t H TXLQGL QHFHVVDULR VYLOXSSDUH PRGHOOL DOWHUQDWLYL
/
DUWLFROR t H RUJDQL]]DWR FRPH VHJXH /D VH]LRQH  FRVWLWXLVFH XQD EUHYH
UDVVHJQD FULWLFD GHOOH PHWRGRORJLH SURSRVWH SHU LO FDOFROR GHO 9D5 1HOOD VH
]LRQH  VL SUHVHQWDQR LO PRGHOOR -XPS9D5 H OD VXD LQWHUSUHWD]LRQH LQ DPELWR
nQDQ]LDULR /D VH]LRQH  t H GHGLFDWD DOOH DSSOLFD]LRQL GHO PRGHOOR DO FDOFROR
GHO 9D5 GL YDUL WLWROL D]LRQLDUL /D VH]LRQH  FRQFOXGH ,Q DSSHQGLFH YHQJRQR
IRUQLWL GHWWDJOL WHFQLFL VXJOL DVSHWWL VWDWLVWLFL GHOOD PHWRGRORJLD GL VWLPD
*HQQDLR  SDJ 5 Prghool shu lo fdofror gho YdU
/H PHWRGRORJLH SHU LO FDOFROR GHO 9D5 VRQR FODVVLnFDELOL LQ YDUL PRGL
$OFXQH PHWRGRORJLH *$5&+ QRUPDOLWt D DOOD 5LVN0HWULFV VRQR FRQGL]LR
QDOL FLRt H OD PLVXUD GL 9D5 GLSHQGH GDOOH FRQGL]LRQL GL PHUFDWR GHL JLRUQL
SUHFHGHQWL DOWUH 7HRULD GHO 9DORUH (VWUHPR VLPXOD]LRQH VWRULFD VRQR QRQ
FRQGL]LRQDOL (
 LQROWUH SRVVLELOH ULIHULUVL DO IDWWR FKH VL VWLPL WXWWD OD GLVWULEX
]LRQH QRUPDOLWt D *$5&+ VLPXOD]LRQH VWRULFD RSSXUH VROR OD FRGD 7HRULD
GHO 9DORUH (VWUHPR
/
XVR GL PRGHOOL FRQGL]LRQDOL R QRQ FRQGL]LRQDOL t H WXWWRUD RJJHWWR GL
GLEDWWLWR /D PHWRGRORJLD VWDQGDUG SURSRVWD GD 5LVN0HWULFV IRUQLVFH XQD
PLVXUD GL 9D5 FRQGL]LRQDOH H FLt RK DF R Q W U L E X L W RDI D UV t r FKH QHOOD SUDWLFD VL
WHQGDQR D FRQVLGHUDUH SLt X DSSURSULDWL L PHWRGL FRQGL]LRQDOL 7XWWDYLD TXHVWR
SXQWR GL YLVWD QRQ VHPEUD FRPSOHWDPHQWH FRQGLYLVLELOH ,QIDWWL LO PRWLYR
SULQFLSDOH SHU FXL L PRGHOOL GHOOD IDPLJOLD *$5&+ KDQQR DYXWR VXFFHVVR QHO
SUHYHGHUH OD YRODWLOLWt D GL VHULH nQDQ]LDULH VWD QHO IDWWR FKH WDOL VHULH SUHVHQWDQR
HYLGHQWL IHQRPHQL GL YRODWLOLW\ FOXVWHULQJ OH RVVHUYD]LRQL FDUDWWHUL]]DWH GD
DOWD YRODWLOLWt D WHQGRQR DG HVVHUH DGLDFHQWL H GXQTXH KD FHUWDPHQWH VHQVR
FRVWUXLUH OD SUHYLVLRQH GHOOD YRODWLOLWt D SHU LO WHPSR W IDFHQGROD GLSHQGHUH
GDOOD YRODWLOLWt D DO WHPSR W
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Fig. 1: Rendimenti giornalieri del titolo Telecom Italia1HO FDOFROR GHO 9D5 VLDPR LQYHFH LQWHUHVVDWL D FRJOLHUH FRUUHWWDPHQWH
JOL HYHQWL GL FRGD 7DOL HYHQWL SHU GHnQL]LRQH VL SUHVHQWDQR UDUDPHQWH
LQROWUH QRQ VHPEUDQR HVVHUH GLSHQGHQWL GDO OLYHOOR GL YRODWLOLWt DQ u HS U H V H Q W D U H
GLSHQGHQ]D WHPSRUDOH &RPH GLPRVWUDQR 'DQLHOVVRQ  GH 9ULHV  VH]LRQH
 WDOL RVVHUYD]LRQL SRVVRQR HVVHUH FRQVLGHUDWH LLG 6HQ]D VFHQGHUH LQ GHWWDJOL
VL FRQVLGHUL LQ SURSRVLWR OD nJXUD  FKH ULSRUWD L UHQGLPHQWL JLRUQDOLHUL GHO
WLWROR 7HOHFRP ,WDOLD VX XQ SHULRGR GL FLUFD  DQQL OH RVVHUYD]LRQL HVWUHPH
DSSDLRQR GLVWULEXLWH LQ PRGR SUHVVRFKu HX Q L I R U P HV XW X W W RL OS H U L R G R 
/
XWLOL]]R GL PHWRGL QRQ FRQGL]LRQDOL KD O
LPSRUWDQWH FRQVHJXHQ]D FKH D
GLmHUHQ]D GL FLt R FKH DFFDGH FRQ L PHWRGL FRQGL]LRQDOL LO 9D5 SXt RH V V H U HF D O 
FRODWR FRQ WXWWH OH RVVHUYD]LRQL GLVSRQLELOL LO FKH t H IRQGDPHQWDOH SHU VWLPDUH
FRUUHWWDPHQWH OD FRGD GHOOD GLVWULEX]LRQH GRYH OH UHDOL]]D]LRQL GHOOD YDULDELOH
FDVXDOH FKH JHQHUD L GDWL VRQR UDUH
,O PRGHOOR SLt XX V D W RS H UL OF D O F R O RG H O9 D 5t H EDVDWR VXOOD GLVWULEX]LRQH
QRUPDOH ,Q SDUWLFRODUH 5LVN0HWULFV VL EDVD VXOO
LSRWHVL GL QRUPDOLWt D FRQGL
]LRQDOH OD GLVWULEX]LRQH GHOOD VHULH GHL UHQGLPHQWL DO WHPSR W GDWH OH RVVHU
YD]LRQL SUHFHGHQWL t HG D W DG D
￿ U z 1}  W W
6L WUDWWD TXLQGL GL XQD PLVXUD GL 9D5 FRQGL]LRQDOH 3HU VWLPDUH OD YDULDQ]D
VRQR XWLOL]]DWL GXH PHWRGL
L *$5&+ >(QJOH  %ROOHUVOHY @
￿￿ ￿ }  YDUU MU  m}  nU  m n  WW b￿ WW b￿ Wb￿
LL ([SRQHQWLDOO\ :HLJKWHG 0RYLQJ $YHUDJH (:0$ t HO RV W L P D W R U HS L t X
XWLOL]]DWR H FRVWLWXLVFH XQ FDVR SDUWLFRODUH GHO *$5&+ OD VWLPD GHOOD
YDULDQ]D t H LQIDWWL GDWD GD
￿￿ ￿ }   w}  b wU w   WW b￿ Wb￿
(
 FKLDUR FKH OR VWLPDWRUH VL RWWLHQH GDOOD  SRQHQGR n  bm4 X H V W R
PRGHOOR GHQRPLQDWR ,*$5&+ ,QWHJUDWHG *$5&+ t H SRFR DGHJXDWR
SHU DOPHQR GXH PRWLYL ,Q SULPR OXRJR HVVHQGR XQ SURFHVVR QRQ VWD]LR
QDULR OD YDULDQ]D QRQ FRQGL]LRQDOH t H LQnQLWD FLt RW X W W D Y L DQ R QL Q o X H Q ] D
VLJQLnFDWLYDPHQWH L ULVXOWDWL LQ TXDQWR JOL RUL]]RQWL WHPSRUDOL GL SUHYL
VLRQH VRQR GL VROLWR EUHYL 8Q SUREOHPD SLt XJ U D Y Ht HL OI D W W RF K H Q H OF D V R
*HQQDLR  SDJ PXOWLYDULDWR HVLVWH XQD SUREDELOLWt D SRVLWLYD FKH OD VWLPD GHOOD PDWULFH
GL FRYDULDQ]D FRVt r RWWHQXWD VLD GHnQLWD QHJDWLYD
3DUDOOHODPHQWH DOOD PHWRGRORJLD 5LVN0HWULFV VL VRQR GXQTXH VYLOXSSDWL
PROWL PRGHOOL FKH WHQJRQR FRQWR QHOOD VWLPD GHO 9D5 GHOOD SHVDQWH]]D GHOOH
FRGH GHOOD GLVWULEX]LRQH 6L YHGDQR SHU HVHPSLR /RQJLQ  H 'DQLHOVVRQ
 GH 9ULHV  SHU XQD UDVVHJQD FULWLFD
/D VLPXOD]LRQH VWRULFD FRQVLVWH QHO ULFDPSLRQDUH GDOOD GLVWULEX]LRQH GHL
UHQGLPHQWL SLt X UHFHQWL GL VROLWR XQ DQQR t H VHPSOLFH GD LPSOHPHQWDUH PD
KD LO GLIHWWR GL HVVHUH LPSOLFLWDPHQWH EDVDWD VXOO
LSRWHVL FKH LO SURFHVVR JH
QHUDWRUH GHL UHQGLPHQWL UHVWL LQYDULDWR QHO WHPSR (VVHQGR XQD PHWRGRORJLD
QRQ SDUDPHWULFD QRQ SXt R IRUQLUH DOFXQD LQIRUPD]LRQH VXOOD SUREDELOLWt DG L
RVVHUYD]LRQL DO GL IXRUL GHO UDQJH FDPSLRQDULR 3RLFKt H LO SHULRGR FRQVLGHUDWR
t H GL VROLWR SDUL DG XQ DQQR t H PROWR SUREDELOH FKH QRQ VLD GLVSRQLELOH XQ
QXPHUR VXpFLHQWHPHQWH JUDQGH GL RVVHUYD]LRQL HVWUHPH H FKH GL FRQVHJXHQ]D
OH FRGH QRQ YHQJDQR VWLPDWH FRUUHWWDPHQWH
/D 7HRULD GHO 9DORUH (VWUHPR (97 t H XQD PHWRGRORJLD FKH VL SURSRQH
G LV W L P D U HV R O RO DF R G DG H O O DG L V W U L E X ] L R Q H F L R t H TXHOOD SDUWH GHOOD GLVWULEX
]LRQH FKH KD JHQHUDWR OH RVVHUYD]LRQL DO GL VRSUD DO GL VRWWR GL XQD VRJOLD
X VXpFLHQWHPHQWH JUDQGH SLFFROD 5LPDQGDQGR D (PEUHFKWV HW DO 
SHU L GHWWDJOL JOL HFFHVVL \   [ b X KDQQR DSSURVVLPDWLYDPHQWH SHU XQ LL
YDORUH GL X VXpFLHQWHPHQWH JUDQGH GLVWULEX]LRQH GL 3DUHWR JHQHUDOL]]DWD
/D PHWRGRORJLD t H PROWR SRWHQWH PD GLSHQGH GDOOD VRJOLD ROWUH OD TXDOH
VL GHFLGH GL VWLPDUH OD GLVWULEX]LRQH /D VFHOWD GL WDOH VRJOLD QRQ t HV H P S U H
DJHYROH L PHWRGL JUDnFL SUHVHQWDWL SHU HVHPSLR LQ (PEUHFKWV HW DO 
QRQ IRUQLVFRQR ULVSRVWH XQLYRFKH H O
XQLFD PHWRGRORJLD DQDOLWLFD GLVSRQLELOH
>'DQLHOVVRQ HW DO @ t H GL GLpFLOH LPSOHPHQWD]LRQH ,QROWUH VROR OH RV
VHUYD]LRQL DO GL VRSUD GHOOD VRJOLD YHQJRQR XWLOL]]DWH SHU OD VWLPD H TXLQGL t H
QHFHVVDULD XQD VHULH PROWR OXQJD SHU DYHUH D GLVSRVL]LRQH XQ QXPHUR VXp
FLHQWH GL GDWL VH OD VRJOLD t H WURSSR DOWD JOL VWLPDWRUL DYUDQQR XQD YDULDQ]D
PROWR DOWD VH t H WURSSR EDVVD O
DSSURVVLPD]LRQH WUDPLWH OD GLVWULEX]LRQH GL
3DUHWR JHQHUDOL]]DWD QRQ t HS L t X DSSURSULDWD
1HO VHJXLWR VL WUDWWHUt D GHOOD PHWRGRORJLD -XPS9D5 'D XQ SXQWR GL
YLVWD VWDWLVWLFR LO VXR LPSLHJR t H JLXVWLnFDWR LQ TXDQWR SXt R DSSURVVLPDUH DU
ELWUDULDPHQWH EHQH TXDOVLDVL GLVWULEX]LRQH GL SUREDELOLWt D GD XQ SXQWR GL YLVWD
nQDQ]LDULR UDSSUHVHQWD XQ PRGHOOR FKH VSLHJD LO ULVFKLR VSHFLnFR LQ WHUPLQL
GL XQ VDOWR QHO UHQGLPHQWR
*HQQDLR  SDJ 6 Lo prghoor Mxps0YdU
&RQVLGHULDPR OD VHULH VWRULFD GL XQ
DWWLYLWt D nQDQ]LDULD 6H OD VHULH t H
VXpFLHQWHPHQWH OXQJD VL RVVHUYDQR JHQHUDOPHQWH DOFXQL UDUL VDOWL FLRt HY D 
ULD]LRQL GL UHQGLPHQWR PROWR SLt X SURQXQFLDWH GL TXHOOH FKH VL RVVHUYDQR LQ
WHPSL QRUPDOL 7LSLFDPHQWH TXHVWL VDOWL VRQR FROOHJDWL DG HYHQWL VSHFLnFL
DOO
HPLWWHQWH GHOO
DWWLYLWt D LQ TXHVWLRQH QHO FDVR GL XQ VDOWR QHJDWLYR SRVLWLYR
Q H OS U H ] ] RG LX Q 
 R E E O L J D ] L R Q HFRUSRUDWH R GHOOH REEOLJD]LRQL JRYHUQDWLYH GL XQ
3DHVH HPHUJHQWH VL SXt RS H Q V D U HD GX QGRZQJUDGH XSJUDGH GHOO
HPLWWHQWH
,Q DPELWR D]LRQDULR L VDOWL GHULYDQWL GDO ULVFKLR VSHFLnFR VDUDQQR VSHVVR FRLQ
FLGHQWL FRQ OH UHOD]LRQL WULPHVWUDOL
,O SURFHVVR JHQHUDWRUH GHL GDWL GHVFULWWR LQ *LEVRQ  t HG X Q T X HG D W R
GD XQD GLVWULEX]LRQH FKH JHQHUD OH RVVHUYD]LRQL UHODWLYH DL SHULRGL QRUPDOL
YDOH D GLUH SULYL GL VDOWL H GD XQD GLVWULEX]LRQH FKH JHQHUD OD FRPSRQHQWH GL
VDOWR
;   ;  ; ￿ -
GRYH ; SXt R DYHUH TXDOVLDVL GLVWULEX]LRQH H OD FRPSRQHQWH GL VDOWR KD XQD ￿
GLVWULEX]LRQH WULQRPLDOH

 FRQ SUREDELOLWt D b S b S   ’8
;   ' FRQ SUREDELOLWt D S  - ’ 8 FRQ SUREDELOLWt D S  8
b ￿ GRYH LQ JHQHUDOH VDUt D '  U H 8  U  1H VHJXH FKH OD GLVWULEX]LRQH GL ;
t H XQD PLVWXUD GHOOH GLVWULEX]LRQL GL WUH YDULDELOL FDVXDOL ;  ; H ; D Y H Q W H ’ ￿ 8
GHQVLWt D
I [ SI[ b S b S I ;SI[[  U  ;’ ’ ’ 8 ￿ 88
GRYH ; H ; KDQQR OD VWHVVD GLVWULEX]LRQH GL ; FRQ OD PHGLD VSRVWDWD ’8
￿ ULVSHWWLYDPHQWH GL ' HG 8  1HOO
LSRWHVL GL QRUPDOLWt D FKH VL DGRWWHUt DQ H O
￿￿ SURVLHJXR GHO ODYRUR VL KD FKH I [ z 1x } I [ z 1x b '}  ￿￿ ’ ￿
￿ I [ z 1x 8}  /D UDULWt DG H LV D O W LV LU L o H W W H U t DQ H OI D W W RF K HO HS U R E D  8 ￿
ELOLWt DDS U L R U LS H S VDUDQQR SLFFROH ’8
/
LGHD GL FDOFRODUH LO 9D5 PRGHOODQGR OD GLVWULEX]LRQH GHL UHQGLPHQWL
WUDPLWH XQD PLVWXUD QRQ t H QXRYD VL YHGDQR +DPLOWRQ  9HQNDWDUDPDQ
￿ /D IRUPDOL]]D]LRQH GHOOD PLVWXUD GDWD LQ *LEVRQ ￿￿￿￿￿￿￿ VHEEHQH L UDJLRQDPHQWL HG L FDOFROL
VXFFHVVLYL VLDQR FRUUHWWL￿ t H HUUDWD￿ LQ TXDQWR UDSSUHVHQWD OD VRPPD GL WUH YDULDELOL FDVXDOL QRUPDOL￿
FKH KD DQFRUD GLVWULEX]LRQH QRUPDOH￿
*HQQDLR  SDJ  =DQJDUL  H OD QXRYD HGL]LRQH GHO GRFXPHQWR WHFQLFR GL 5LVN0H
WULFV >5LVN0HWULFV  SDJ @ PD OD VXD GLmXVLRQH t H VWDWD SUREDELOPHQWH
OLPLWDWD GDOOD FRQYLQ]LRQH FKH OD VWLPD GHL SDUDPHWUL FRQ LO PHWRGR GHOOD PDV
VLPD YHURVLPLJOLDQ]D VLD SUREOHPDWLFD DOPHQR QHO FDVR GL YDULDQ]H GLYHUVH
QHOOH SRSROD]LRQL ,Q SURSRVLWR YDOH OD SHQD GL RVVHUYDUH FKH
L OD VWLPD GL PDVVLPD YHURVLPLJOLDQ]D QRQ SUHVHQWD DOFXQD GLpFROWt D TXDQGR
OH YDULDQ]H GHOOH SRSROD]LRQL VLDQR XJXDOL ,QIDWWL LQ TXHVWR FDVR OD IXQ
]LRQH GL YHURVLPLJOLDQ]D t H OLPLWDWD H VSHVVR KD XQ XQLFR PDVVLPR
LL TXDQGR OH YDULDQ]H VLDQR GLYHUVH OD IXQ]LRQH GL YHURVLPLJOLDQ]D SUHVHQWD
HmHWWLYDPHQWH GHOOH VLQJRODULWt D $W L W R O RG LH V H P S L R V LF R Q V L G H U LO DI X Q 
]LRQH GL ORJYHURVLPLJOLDQ]D SHU XQD PLVWXUD GL GXH QRUPDOL FRQ PHGLH
HY D U L D Q ] HG L Y H U V H 

￿￿ Q ￿[ bx ￿￿ [ bx ￿ ￿￿ ￿￿ LL ; bb SS ￿￿ ￿￿ ￿￿ }}
￿￿ SS Ot[ [  O R J H  H ￿ Q
{} {} ￿￿ L ￿
6H VL SRQH SHU HVHPSLR [   x t H LPPHGLDWR YHULnFDUH FKH TXDQGR ￿￿
￿ }   Ot[ [    4XHVWR SUREOHPD QRQ VXVVLVWH QHO FDVR ￿ Q ￿
L LQ TXDQWR VRWWR OD FRQGL]LRQH VHPSUH YHULnFDWD LQ SUDWLFD FKH LO QX
PHUR GL RVVHUYD]LRQL GLVSRQLELOL VLD PDJJLRUH GHO QXPHUR GL SRSROD]LRQL
G H O O DP L V W X U D O DV W L P DG H O O DY D U L D Q ] DQ R QS X t R HVVHUH DUELWUDULDPHQWH
SLFFROD H TXLQGL OD IXQ]LRQH GL YHURVLPLJOLDQ]D t H OLPLWDWD
&RPXQTXH DQFKH QHO FDVR LL O
DOJRULWPR VH LQL]LDOL]]DWR DSSURSULDWD
PHQWH FRQYHUJH DO PDVVLPR JOREDOH GHOOD IXQ]LRQH GL YHURVLPLJOLDQ]D H IRU
Q L V F HV W L P D W R U LF K HJ R G R Q RG H O O HX V X D O LS U R S U L H W t D GHJOL VWLPDWRUL GL PDVVLPD
YHURVLPLJOLDQ]D 'XQTXH LQ TXHVWR FDVR LO SUREOHPD SXUDPHQWH QXPHULFR
FRQVLVWH LQ NHHSLQJ WKH YDULDQFH DZD\ IURP ]HUR >)OXU\  SDJ @
SHU IDU Vt r FKH O
DOJRULWPR FRQYHUJD DG XQ PDVVLPR ORFDOH 3HU DVVLFXUDUVL FKH
LO PDVVLPR ORFDOH UDJJLXQWR VLD DQFKH LO PDVVLPR JOREDOH VDUt DH Y H Q W X D O P H Q W H
XWLOH WHQWDUH GLYHUVH LQL]LDOL]]D]LRQL
&RPH WHVWLPRQLDQR QXPHURVH DSSOLFD]LRQL SUDWLFKH LQ GLYHUVL FDPSL LQ
WXWWL L FDVL LQ FXL VL DEELD D GLVSRVL]LRQH D SULRUL XQD VWLPD DSSURVVLPDWLYD
GHL SDUDPHWUL FRQ FXL LQL]LDOL]]DUH O
DOJRULWPR QRQ VL SUHVHQWD QHVVXQR GHL
SUREOHPL RU RUD PHQ]LRQDWL 1HOOD QRVWUD HVSHULHQ]D OD VWLPD GL PDVVLPD YH
URVLPLJOLDQ]D GL PLVWXUH QRUPDOL DQFKH QHO FDVR LL QRQ KD PDL FRPSRUWDWR
VRVWDQ]LDOL GLpFROWt D HG KD SURGRWWR ULVXOWDWL LQFRUDJJLDQWL >%HH @
7RUQDQGR DO PRGHOOR MXPS9D5 HVSRVWR QHOOD  *LEVRQ  XWLOL]]D
SHU OD FDOLEUD]LRQH GHO PRGHOOR XQ PHWRGR LQ GXH SDVVL FKH VWLPD VHSDUDWD
PHQWH OD GLVWULEX]LRQH I [H GLS D U D P H W U LG LV D O W R 4 X H V W LX O W L P LY H Q J R Q R ￿
*HQQDLR  SDJ VWLPDWL GHFLGHQGR D SULRUL DUELWUDULDPHQWH TXDOL RVVHUYD]LRQL YHQJRQR FRQ
VLGHUDWH VDOWL >*LEVRQ  SDJ @ 4XHVWD GHFLVLRQH ULVXOWD SRL DYHUH XQ
LPSDWWR ULOHYDQWH VXO 9D5
,Q TXHVWR ODYRUR VL t H LQYHFH RSWDWR SHU XQ
LQWHUSUHWD]LRQH GHO PRGHOOR
FKH FRQVHQWH GL VWLPDUH WXWWL L SDUDPHWUL HQGRJHQDPHQWH FRQ LO PHWRGR GHOOD
￿ PDVVLPD YHURVLPLJOLDQ]D WUDPLWH O
DOJRULWPR (0  2OWUH DG HYLWDUH TXDO
VLDVL HOHPHQWR GL DUELWUDULHWt D WDOH PHWRGR IRUQLVFH VWLPH FKH JRGRQR GHOOH
FRQVXHWH SURSULHWt D GHJOL VWLPDWRUL GL PDVVLPD YHURVLPLJOLDQ]D ,QROWUH LO PR
GHOOR JUD]LH DO IDWWR FKH OD YDULDQ]D GHOOH WUH SRSROD]LRQL t H XJXDOH ULHQWUD
QHO FDVR L GXQTXH OD IXQ]LRQH GL YHURVLPLJOLDQ]D t H OLPLWDWD H O
DOJRULWPR
D PHQR GL VFHOWH HVWUHPDPHQWH DQRPDOH QHL YDORUL GL LQL]LDOL]]D]LRQH FKH LQ
SUDWLFD VL SRVVRQR VHPSUH HYLWDUH FRQYHUJH DO PDVVLPR JOREDOH GHOOD IXQ]LRQH
GL YHURVLPLJOLDQ]D
8Q DOWUR SURFHVVR JHQHUDWRUH GHL GDWL EDVDWR VXOOH GLVWULEX]LRQL D PLVWXUD
nQLWD t H VWDWR XWLOL]]DWR LQ %HH  6L WUDWWD GL XQ PRGHOOR FKH SUHYHGH
FKH OD PDJJLRU SDUWH GHOOH RVVHUYD]LRQL VLDQR JHQHUDWH GD XQD QRUPDOH D EDVVD
YRODWLOLWt D PHQWUH OH ULPDQHQWL RVVHUYD]LRQL SURYHQJRQR GD XQD QRUPDOH FRQ
OD VWHVVD PHGLD PD YRODWLOLWt D PROWR PDJJLRUH 7UDWWDQGRVL GL UHQGLPHQWL t H
UDJLRQHYROH LSRWL]]DUH FKH OD PHGLD VLD QXOOD )RUPDOPHQWH VL KD
I [ SI[SI[[  U  ; ￿￿ ￿￿
￿￿ GRYH I [t HO DG H Q V L W t D QRUPDOH GL SDUDPHWUL x H }  L    FRQ }  L ￿ L
￿ }  $QFKH LQ TXHVWR FDVR LO PRGHOOR t H GXQTXH DJHYROPHQWH LQWHUSUHWDELOH LQ ￿
WHUPLQL VLD nQDQ]LDUL FKH VWDWLVWLFL H QHOOD SURVVLPD VH]LRQH OD VXD SHUIRUPDQFH
YHUUt D FRQIURQWDWD FRQ TXHOOD GHO -XPS9D5
7 Dssolfd}lrql h ulvxowdwl
3HU LO FDOFROR GHO 9D5 VRQR VWDWL XWLOL]]DWL L UHQGLPHQWL JLRUQDOLHUL GHOOH
VHJXHQWL VHULH )LDW 2OLYHWWL 7HOHFRP ,WDOLD SHU TXHVWH WUH D]LRQL VL t HF R Q 
VLGHUDWR LO SHULRGR  JHQQDLR    RWWREUH  6XQ 0LFURV\VWHP 
PDJJLR    RWWREUH  ,%0  RWWREUH    RWWREUH 
0,%  JHQQDLR    RWWREUH  6WDQGDUG 	 3RRU
V   JHQQDLR
￿    RWWREUH  
￿ $OFXQL GHWWDJOL VXO IXQ]LRQDPHQWR GHOO￿DOJRULWPR VRQR IRUQLWL LQ DSSHQGLFH￿
￿ 70 7XWWL L GDWL VRQR VWDWL RWWHQXWL GD %ORRPEHUJ ￿
*HQQDLR  SDJ 1HOOD WDEHOOD  VRQR ULSRUWDWH OH VWLPH GHL SDUDPHWUL RWWHQXWH FRQ OD
PHWRGRORJLD -XPS9D5 - H FRQ OD PHWRGRORJLD HVSRVWD QHOOD  FKH FKLD
PHUHPR (PSKDVL]HG 9RODWLOLW\ ( L SDUDPHWUL x H x QHO FDVR -XPS9D5 ￿￿
b VRQR GD LQWHUSUHWDUH ULVSHWWLYDPHQWH FRPH x  ' H x  8F R Q'  U H ￿￿
￿ 8  U 
￿ Wdehood 4 0 Vwlph ghl sdudphwul
SSSx x x}} ￿￿￿￿ ￿ ￿￿￿
6XQ ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ -
6XQ ￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ b￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
,%0 ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ -
,%0 ￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
)LDW ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ -
)LDW ￿￿￿￿￿ ￿￿￿￿￿ ￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
2/ ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿ ￿ -
2/ ￿￿￿￿￿ ￿￿￿￿￿ ￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
7, ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ -
7, ￿￿￿￿ ￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
0,% ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ -
0,% ￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ b￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
63; ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ b￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ ￿ -
63; ￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿￿ b￿￿￿￿￿ ￿ ￿￿￿￿￿ ￿￿￿￿￿ (
7XWWH OH VWLPH VRQR VWDWH RWWHQXWH VHQ]D SUREOHPL GL FRQYHUJHQ]D H FRQ
GLYHUVH LQL]LDOL]]D]LRQL VL VRQR VHPSUH RWWHQXWH OH VWHVVH VWLPH
8WLOL]]DQGR TXHVWH VWLPH VL t H SRL FDOFRODWR LO 9D5 ,O 9D5 t H GDWR GDO TXDQ
WLOH GHOOD GLVWULEX]LRQH HPSLULFD RWWHQXWD VLPXODQGR  QXPHUL DOHDWRUL
GDOOH PLVWXUH  H  FRQ L YDORUL GHL SDUDPHWUL RWWHQXWL QHOOD WDEHOOD 
/D WDEHOOD  SUHVHQWD L ULVXOWDWL ,Q SDUHQWHVL t H ULSRUWDWD OD SHUFHQWXDOH GL
HFFHGHQ]H FLRt H GL RVVHUYD]LRQL FKH QHOOD VHULH GLVSRQLELOH HFFHGRQR OD PL
VXUD GL 9D5 FDOFRODWD $ WLWROR GL FRQIURQWR VRQR VWDWH ULSRUWDWH DQFKH OH
PLVXUH GL 9D5 RWWHQXWH WUDPLWH O
 ([WUHPH 9DOXH 7KHRU\ SHU FLDVFXQ WLWROR
L SDUDPHWUL GHOOD *HQHUDOL]HG 3DUHWR 'LVWULEXWLRQ VRQR VWDWL VWLPDWL WUDPLWH
PDVVLPD YHURVLPLJOLDQ]D SURYDQGR GLYHUVL YDORUL GL VRJOLD ,Q DOFXQL FDVL OD
VRJOLD XWLOL]]DWD t HS L t X SLFFROD GHO TXDQWLOH  SHU FXL QRQ t H VWDWR SRVVLELOH
FDOFRODUH LO 9D5 DO 
￿ 2/  2OLYHWWL￿ 7,  7HOHFRP ,WDOLD￿ 0,%  0,%￿￿￿ 63;  6WDQGDUG ￿ 3RRU￿V ￿￿￿￿
*HQQDLR  SDJ ￿ Wdehood 5 0 Ydoruh d Ulvfklr
9D 5 9D 5 9D 5 ￿￿￿ ￿￿￿ ￿￿￿￿￿
6XQ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿ ￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ -
6XQ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿￿ (
6XQ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿ ￿￿￿￿ 1
6XQ b ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿￿ ￿ ￿￿￿￿ (97
,%0 ￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ -
,%0 ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (
,%0 ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ 1
,%0 b ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿ (97
)LDW ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ -
)LDW ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (
)LDW ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ 1
)LDW b ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (9 7
2/ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ -
2/ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿ ￿￿￿￿ (
2/ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ 1
2/ b ￿￿￿￿ ￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (9 7
7, ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ -
7, ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (
7, ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ 1
7, b ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿ ￿￿￿￿ (9 7
0,% ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ -
0,% ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (
0,% ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ 1
0,% b ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (97
63& ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ -
63& ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (
63& ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ 1
63& b ￿￿￿￿ ￿￿￿￿￿￿ ￿￿￿￿ ￿￿￿￿￿￿ (9 7
/D SHUIRUPDQFH GHOOH GXH PHWRGRORJLH EDVDWH VXOOH PLVWXUH t HP R O W RV L P L O H
H SDUDJRQDELOH DOOD SHUIRUPDQFH GHOO
(97 9DOH OD SHQD GL QRWDUH FRPH LO
PRGHOOR - VLD SLXWWRVWR LPSUHFLVR QHOOD VWLPD GHO 9D5 SHU O
LQGLFH 6WDQGDUG 	
3RRU
V LQ WHUPLQL LQWXLWLYL t H PROWR SUREDELOH FKH WUDWWDQGRVL GL XQ LQGLFH FKH
F R Q W L H Q HP R O W LW L W R O L LV D O W LG H LY D U LW L W R O LV LF R P S H Q V L Q RG D Q G RR U L J L Q HD GX Q D
GLVWULEX]LRQH SULYD GL VDOWL OD GLVFUHWD SHUIRUPDQFH GHO 9D5 QRUPDOH LQ TXHVWR
FDVR ID SHQVDUH FKH OD GLVWULEX]LRQH QRQ VLD LQ HmHWWL WURSSR GLVWDQWH GDOOD
￿ 2/  2OLYHWWL￿ 7,  7HOHFRP ,WDOLD￿ 0,%  0,%￿￿￿
*HQQDLR  SDJ QRUPDOH 4XHVWR UDJLRQDPHQWR SXt R HVVHUH IRUPDOL]]DWR WUDPLWH LO WHRUHPD GHO
OLPLWH FHQWUDOH QHOOD YHUVLRQH GL /LQGHEHUJ)HOOHU FKH ULFKLHGH VROR O
LSRWHVL GL
￿ LQGLSHQGHQ]D   7DOH LSRWHVL t H JLXVWLnFDWD GDOOD VWHVVD GHnQL]LRQH GL ULVFKLR
VSHFLnFR
/D nJXUD  PRVWUD OH GHQVLWt D VWLPDWH FRQ L GXH PHWRGL - HG (9 SHU LO
WLWROR )LDW DVVLHPH DOO
LVWRJUDPPD GHL GDWL QRUPDOL]]DWR LQ PRGR FKH O
DUHD
VLD XJXDOH DG 
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Fig. 2 - Funzione di densità della mistura (Fiat)
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